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Abstract-h a recent paper [l] a number of numerical schemes for the shallow water equations 
based on a conservative linearization are analyzed. In particular, it is established that the schemes 
are related through the use of a source term. In this paper this technique is applied to the Euler 
equations, and further analysis suggests a new formulation of an existing scheme having the same 
key properties. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In a recent paper [l] a numerical upwind scheme for the two-dimensional shallow water equa- 
tions [2] was analyzed in the special case of one space dimension. The scheme in [2], which is 
a conservative linearization based on an adaptation of flux balance distribution methods [3-51, 
was related to a number of other schemes. This was achieved by writing part of the flux balance 
as a source term. In this paper, we seek to extend these ideas to the Euler equations and, in 
particular, we generate a conservative linearization which uses this technique. We also examine 
an existing scheme, making appropriate comparisons, and consider an alternative formulation of 
this scheme. In future work, it is intended to present a numerical comparison of these schemes, 
including the validity of the conservation properties, robustness, and accuracy of the schemes. 
This will include the effect of treating part of the flux balance as a source term. 
2. THE GOVERNING EQUATIONS 
The unsteady one-dimensional Euler equations governing the compressible flow of an ideal gas 
can be written in conservation form as 
ZLt + f, = 0, (2.1) 
where 
u = (P, PZL, ejT (2.2) 
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are the conserved variables, and the flux function 
f(u) = (P, P + pu2, 4e t 
together with 
P 
e=- + $n12. 
y-l 2 
The quantities (p, u,p, e) = (p, u,p, e)(x, t) represent the density, velocity, pressure, and total 
energy of the fluid, respectively, at a general position x and at time t. The constant y denotes 
the ratio of specific heat capacities of the fluid. For future reference, the quasi-linear form of 
equation (2.1) is given by 
it + Au, = 0, (2.5) 
PNT> (2.3) 
(2.4) 
where the Jacobian of the flux function f is given by - 
A=fzL= 
i 
(Y -O3) ,u2 
1 0 
2 (3 - r)u Y-l 
*Us - ua2 
2 Y-I 
(3-2~)~~ I a2 -- ’ 
2 Y-l 
YU I 
where 
a2 = rP 
P’ 
(2.6) 
(2.7) 
3. CONSERVATIVE LINEARIZATION 
In [l] a number of numerical schemes are given for the one-dimensional shallow water equations 
based on a conservative linearization approach. We seek, initially, to extend these ideas to the 
Euler equations, and therefore begin by describing the conservative linearization approach. 
For a given cell C in the numerical grid, define a flux balance 
9 = - 
s c 
f, dx = -@I; = -(f&) - f&)) = -Al, (3.1) 
denoting the change in flux balance across the boundaries of the cell. The numerical approxima- 
tion to 2 is defined to be of the form 
& = -A& = -Ax&, (3.2) 
where Ax is the cell length and i indicates a discretized quantity. Having determined the precise 
form for 5, which we describe shortly, the distribution of the flux balance to the nodes at either 
end of the cell is then made using upwinding. Conservation requires that the overall contribution 
to the nodes depends only on the boundary conditions. Thus, for a linearization represented 
by (3.2) to be conservative, the sum over the computational domain of the 6 should reduce to 
boundary conditions alone. It follows from (3.1) that a linearization is conservative if 4 = 2 
for each cell, and the resulting scheme is conservative provided all of the discrete flux balance is 
distributed to the nodes of the grid. 
4. APPLICATION TO THE EULER EQUATIONS 
We now apply the approach outlined in [l] to the Euler equations. 
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4.1. Parameter Vector 
A linearization of the Euler equations can be achieved by seeking discrete flux Jacobians a 
in (3.2) which allows & to be easily decomposed into components and then an application of the 
upwinding technique. In [l] this is achieved for the shallow water equations by evaluating the 
Jacobian consistently from some average cell state 2 so that 
A = f,(z) = A(z), (4.1) 
and then assume that the components of a parameter vector vary linearly in space within each 
cell. For the Euler equations, one obvious parameter vector is the vector of primitive variables 
4 = (P7 u,dT. (4.2) 
An important consequence of the linear variation is that _tz is locally constant and so the con- 
servative flux balance can be written as 
(4.3) 
Now, in terms of z, f = (zizz, 23 + ~1~22, (y/(y - l))z~z3 + (1/2)~;)~, SO that 
To achieve a conservative linearization, the integrals in (4.3) must be calculated exactly, and 
hence the numerical flux balance (3.2) is given by 
z2 Fl 
1 
&=-Ax 
i- 
xii. s 
~1” dx 
2 
TG. s 
zlz2 dx 
1 
s 
3 
2Ax c 
z;dx - 
s 
733 
2Ax c 
zlz;dx + - 
Y-1 
0 
1 -1 zz, (4.5) -P2 Y-l 
where the overbar 5 indicates the consistent evaluation of a quantity solely derived from the 
cell-average state given by 
z = ;(& +&. (4.6) 
The treatment of the remaining components of & is considered shortly. The corresponding discrete 
gradient (evaluated under the assumption of linearly varying t_) is given by 
(4.7) 
Now, the flux balance can also be written in terms of the conservative variables since 14 = 
(21, ~1~2, (l/(7 - 1))~s + (1/2)~I>~, and thus 
(4.8) 
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4.2. Discrete Conservative Flux Balance 
It follows that the discrete gradient of the conservative variables can be written as 
1 J 1 u dx=- %,=a5 C-z Ax C-&x J u.z dx =ii=& 
0 0 
= 21 0 
~2” dx 
1 J 1 
zz, 
hz. 
z1z2dx - 
Y-l 
and thus, from (4.5), the discrete conservative flux balance is given by 
where the matrices IL and (Q-l are given by 
(aJ1 = 
and 
1 
z2 -- 
Fl 
-F (&kz;dx) 
0 0 
1 - 0 
21 
-9 (&S,zdx) y-1 
Fl 0 z2 -J 2 
2; dx 
2 
Ax c az. J .zlz2 dx 1 -J 1 3 z;dx - J 723 592 2Ax c 2Ax c ,qz;dx+- - y-l y-l 
(4.9) 
(4.10) 
I , (4.11) 
(4.12) 
In order to evaluate the expression in (4.10), it is necessary to multiply the matrices in (4.11) 
and (4.12). However, in order to obtain the most succinct form, it is first necessary to simplify 
them. 
4.3. Simplification of (T&)-1 
First, for any zc and w varying linearly, integration by parts gives 
luudx=ly (w+(x-x&) (uL+(x-x&)dx 
)I 
ZR 
XL 
Ax A (IN”) 3 zR =--- 
2 Au )I XL 
Ax A (uw”) Ax AuA (v”) =---- 
2 Au 6 (Au)2 ’ 
(4.13) 
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To simplify the expression in (4.13) further, we consider the term 
3AvA (WI”) - AuA (v”) = 3(vR - vL) (u& - u&) - (uR - uL) (vi - vi) 
= (ZIR - ZJL) [37Q& - 3u& - (un - Q) (vi + WR21L + vi)] 
= (UR - UL) [2 ‘UR’& - 2U~cVi - URIIRVL - ‘U#l~ 
+ ULV; + ULUR’UL] (4.14) 
= (UR - vL)2[2URuR + 2ULuL + UR’UL + ULVR] 
= (UR - vL)2[(ULuL + URUR) + (UL + UR)(uL + ?-‘R)] 
= (Aw)~[~?E+~EV]. 
Thus, (4.13) becomes 
s 
uvdx = -k-- [3AvA (WI”) - AuA (v”)] = $(w + 2~). 
6(Av)2 
(4.15) 
C 
Furthermore, 
= 
= 
4 2 ULUL + URUR) - +(UL + UR)(vL + UR) 
$2 UL’UL + %RVR - ULVL - URVR - ULVR - UR’VL) 
;( 
(4.16) 
UL’UL + URVR - ULWR - URVL) 
$UR - UL)(WR - vL) = ah h, 
and in the special case u = v 
2 _ ~2 = 1 
4( 
Au)2, (4.17) 
so that (4.15) can be rewritten as 
I ( 
1 
c 
uvdx=Ax z~+~AuAv 
> 
, (4.18) 
and in the special case u = z1 (4.18) becomes 
J 
c u2 dx = Ax 
( 
ii2 + $Au)l 
> 
. (4.19) 
Using (4.18) with u = zr, v = 22, and (4.19) with u = 22, the expression for (az)-l in (4.11) 
simplifies to 
(& = 
1 0 0 
z2 -- 
21 
1 - 
Fl 
0 
(y - 1) fz; - ;(AZ,)z 
+ ; $At, Az2 -(y - 1) 
1 Azr AZ, zs + - - Y-1 
1 > 12 Zl > I (4.20) 
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4.4. Simplification of 7 --4 
First, we use (4.18) with u = ~1, TJ = 22, and (4.19) with u = 22, so that the expression for I= 
in (4.12) simplifies to 
71 0 
2z1z2 
1 
+ -AzlAz2 
6 
1 
3 J $53 YZ2 Xxc zlz;dx+- - y-l y-l 
Second, for any u and u varying linearly, integration by parts gives 
luu2dx=l; (uL+(x-x@) (%+(r-x~$$~~ 
= & 
[ ( 
vL+(x-x& 
3 
>( 
ur.+(x-x& )I 
XII 
XL 
Au IR -- J ( 3Av zL vL+(x--z& ‘dx > 
(4.21) 
(4.22) 
Ax A (w”) =--- 
3 Au VL + (x - x& Ax A (w”) =--- AxAuA (u”) 
3 AU 12(A~)~ ’ 
and the latter term can be simplified as 
A (v”) = (VA - w;) = (6; - ~2) ( 2 uR + ~2) = (vR + W~)(VR - q,) (w; + $) = 4Av@ (4.23) 
so that (4.22) can be rewritten as 
J uv2 dx = AxA (uv”) AXAT& c 3Av - 3Av ’ 
If we now use the fact that 
A(ab) = EAb + 6Aa, 
for any a, b, and in particular 
Aa = 2TiAa 7 
with a = b, then 
A (uw”) = A (u, . w”) = izA (TJ”) + PA = ~TETTAV + 23(-iiAv + ?iAu), (4.26) 
so that (4.24) simplifies to 
J Ax __ uv2dx= - c 3 ( 2uvv+?i? > , 
and 
J u3 dx = AxT$, c 
in the special case u = U. Finally, using (4.16) and (4.17), (4.27) and (4.28) become 
J c UV2 da: = AX ( zvii2 + $JAu& f $i(fh)2 > , 
J 
u3dx = Ax 
c 
Es + +(Au)~ . 
> 
(4.24) 
(4.25a) 
(4.25b) 
(4.27) 
(4.28) 
(4.29) 
(4.30) 
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If we now use (4.29) with u = zl, w = .Q, and (4.30) with u = 22, the expression for I= in (4.21) 
simplifies to 
“2 Zl 0 
5; + $(Az~)~ 
1 
z&= 
221~~ + -AqA.z, 
6 
1 
- I 
. (4.31) 
fz; + ;z~(Az~)~ ;T& + ;z2AzlAz2 + &(Az~)~ + = 
P2 
- 
y-l y-l 
Therefore, multiplying the matrices in (4.20) and (4.31) and substituting into (4.10) gives 
&=&&=-AX 
; 
0 1 0 
9~; + ?$ r++z _ 5?(Az2)2 (3 - Y)Z2 - 1; y3 ArlAq 21 =1 Y-1 (4.32) 
X 
~~;-*zgz 
T&. 
21 
+;+_L_q 
+y3 Z;Ar,Arz 
12 11 - &~2(Az2)~ 
+;(Az~)~ - + ~A;:A=z 7z2 
4.5. Separate Treatment of Flux Balance Terms 
Thus, the discrete conservative flux balance (3.2) is given by (4.32) in which & = j& and 
A = Al 
i 9~; + y-2-3 G  z2 =+Azz 21 0 1 rzzr3 _ X5(Ar2)2 (3 - y)‘E2 - 1 9 A=;fsz y - 0 1 (4.33) = 
-l-l Zl 
+;+-Le 
+g 
r;AzlAzz 
Zl - &3;22(A~2)~ 
+;(Az2)2 _ T$ z2A;:Azz p2 I 
Now, from (2.6) the continuous Jacobian can be written as 
0 1 0 
A= Y-322 2 2 (3 Y)Z2 Y-1 - (4.34) 
Y-3- 1 yZ2Z3 3 
2 2 y-ly 
- 27 z2 + -- 1 yz3 
2 2 Y-1 21 722 
and thus, the approximate Jacobian & in (4.33) is not of the form as prescribed in (4.1), i.e., 
0 1 0 
& # A(Z) = 
Y-S-, 
7-22 (3 - Y)Z2 Y-1 
7-L3 1 yF2Z3 3 - 27_, 1 $73 
Trz2--- y-l Fl 
-tg+-- 
2 ~ Y-1 fl 
-P2 
a prerequisite for the scheme in [l]. However, the matrix A can be decomposed as 
a, = A(E) + K4 + L,, 
(4.35) 
(4.36) 
where the matrices 
(4.37) 
(4.38) 
(4.39) 
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where we have replaced (zr , ~2, ~3)~ = (p,~,p)~. Therefore, the flux balance in (4.10) can be 
written as 
& = -A+@) + & + L)% = zz + 91, (4.40) 
where the flux balance 
& = -AzA(& (4.41) 
is handled in the usual upwinding sense, and the term 
?I= -AMz + L)% (4.42) 
is treated as a ‘source’ which is expected to be negligible in smooth flows but to have an effect 
at discontinuities since it depends on (Au)~ and ApAu. The gradient 3, is projected onto the 
local eigenvectors of A(Z). 
4.6. Eigenvalues and Eigenvectors 
The eigenvalues and eigenvectors of A(_) are 
X,(Z) =Fz f E, 
71 
72 =;iz*C,?i, (4.43) 
c&(-) = 
2 
l,;ii-f~,- 
Y-1 
where 
‘ii= ;(Q+UR), G+L/~, 
representing approximations to the continuous values 
(4.44) 
(4.45) 
xi =ufa,u, 
( 
a2 
ez= l,u*a,- 
Y-l 
+ fu2 *zLa),? (l,v, &2)T. 
5. CONSERVATIVE LINEARIZATIONS 
OF AN EXISTING SCHEME 
(4.46) 
The schemes presented in [6] for the Euler equations are also based on upwinding, but the con- 
struction of the approximate Jacobians is different and is via an approximate Riemann problem. 
The main scheme in [6] is based on arithmetic averaging and can be described in terms of the 
approximate Jacobian matrix. 
5.1. Scheme Based on Arithmetic Averaging 
For the main scheme in [6] the approximate Jacobian R gives rise to the flux balance 
& = -AAu = -AZ&, (5.1) 
where the gradient & is given by 
AZ IL==-. 
Ax (5.2) 
The flux balance is distributed according to the upwind philosophy, and thus the eigenvalues and 
eigenvectors of a are required. The resulting expressions for this scheme are given by 
a= (5.3) 
1,?z+B,zu2+- l- ri?lF *E& . 
Y-l 
es = (5.5) 
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where 
and 
for b = p, u, p, u2, 
(5.6) 
(5.7) 
(54 
5.2. Conservative Linearization 
The matrix in (5.1) can be written as 
i 
0 1 0 
Y-3 
a= (-1 2 62 (3 Y)Z 
- 
(-1 y-2  _ ufi2 - m -- U-YP P(y_ v I) + 2” 39 --F2 Y-1 I -6 
i 
0 1 0 
H 
Y-3 $ 
2 (3 - Y)E Y-l = (5.9) 
(-1 
Y-2 $ -- U-YP -fir 
2 P(r-1) 
3jjz - 
zi(Y- I) f 2 @ “121 1 
Y-3 
+ 
( Y-2 2 - u o(G2-E2) (“  - $) 
( > 
0 0 =21+z 
’ 
(-1 $&Q) 0 0 1 
where the corresponding flux balance 
& = -;;lAg - TAB (5.10) 
is distributed using upwinding for the first term, and the second term in treated as a source. The 
matrix z is precisely the matrix A(Z) in (4.37), and thus from (4.40) and (5.10) the key difference 
is in the matrices z and K,+ L,. The corresponding eigenvalues and eigenvectors of z are then 
given by (4.43)-(4.45). Further, the matrix z simplifies to 
E = ;(Au)~ 
( (;:;h !l :) 7 
(5.11) 
using 
E2--62= (;(UL+UR))2-u&( u; + u; - 2~2~) = ;(uR - Us)’ = $(Au)~, (5.12) 
and 
= u: 
= -A (U; + U; - 2u& = -$(u, - u~)~ = -;(Au)2, 
(5.13) 
which is expected to be negligible in smooth flows. 
In the future, we intend to make a numerical comparison between the various schemes discussed 
here, particularly the effect of the treatment of part of the flux balance as a source. 
1682 P. GLAISTER 
6. CONCLUSIONS 
We have applied a conservative linearization technique to the Euler equations, and made com- 
parisons between the generated scheme and an existing scheme and, through this, we have been 
able to propose a new formulation for the latter, as well as an alternative conservative lineariza- 
tion. In future work we intend to make numerical comparisons between these schemes. 
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